Abstract. Following the method in Ref. ([1]), this paper introduces a fundamental Lagrangian 1-form on the particle's coordinates, which determines the dynamics of all ions and electrons of the magnetized plasma with low-frequency magnetic perturbations. An Ampere-Vlasov model is utilized to model this fundamental Lagrangian 1-form based on a kind of coarse-grained scheme. With the Cary-Littlejohn single-parameter Lie transform method, a new fundamental Lagrangian 1-form on the gyrocenter coordinates is derived through transforming the one on particle's coordinates. This new 1-form determines the dynamics of all ions and electrons on the gyrocenter coordinates. A new Ampere-Vlasov model totally defined on the gyrocenter coordinates is developed to model the new Lagrangian 1-form. By incorporating the electrostatic perturbation into the Lagrangian 1-form, we eventually derived an Ampere-Poisson-Vlasov model defined on the gyrocenter coordinates.
Introduction
Due to the multiple time-scale character of the magnetized plasma, the gyrokinetic theory is a strong and effective tool to help the numerical simulation of the magnetized plasma by decoupling the degree of freedom of the most fast time scale, i.e., the gyrating motion around the magnetic field line by the charged particles, from the remaining degrees of freedom.
Ref.
( [1] ) introduces a fundamental Lagrangian 1-form which determines the dynamics of all ions and electrons of the magnetized plasma with electrostatic perturbations, and develops a new GVP model as the modeling of the new 1-form on the gyrocenter coordinates transformed from the fundamental Lagrangian 1-form on the particle's coordinates. In the new model, the trajectories, Vlasov equation and Poisson's equation are defined on the gyrocenter coordinates, so that compared with the old GVP model, the numerical application of the new model could reduce the numerical error and instabilities, and simulation time.
( [1] ) focuses only on the electrostatic perturbation, while the magnetic field is treated as the background field. This paper takes the magnetic perturbation into account, more specifically, the low-frequency magnetic perturbation (LFMP). The reason why the low-frqueny magnetic perturbation is considered is as follows.
With the Lorentz gauge, the d'Alembert equations of the scalar potential and the vector potential for the electromagnetic wave in plasma are
µ p and ǫ p are the magnetic permeability and electric permittivity of the magnetized plasma, respectively. In toroidal magnetic field configuration, usually the magnetic or electric perturbation generated by the plasma is of very large radial gradient and low oscillating frequency that the condition k
is satisfied. For such kind of perturbation, the time-derivative terms can be ignored in Eqs.(1) and Eq.(2), which are then simplified to be static equations as Poisson's equation and Ampere's law, respectively. This paper focuses on this kind of perturbations.
This paper utilizes the similar method in Ref.
( [1] ) to treat LFMP. The remaining part is arranged as follows. Sec.(2) introduces the fundamental Lagrangian 1-form with existed LFMP. This Lagrangian 1-form determines the dynamics of all electrons and ions. An Ampere-Vlasov model is developed to model this fundamental Lagrangian 1-form based on a coarse-graining scheme. In Sec.(3), the fundamental Lagrangian 1-form on the gyrocenter coordinate with the second order approximation is obtained by utilizing the Cary-Littlejohn single-parameter Lie transform method [2] . In Sec.(4), a new Ampere-Vlasov model is derived to model the new fundamental Lagrangian 1-form. In Sec.(5), the electrostatic perturbation is incorporated into the model to form an Ampere-Poisson-Vlasov model. The appendix is the derivation of the new fundamental Lagrangian 1-form up to the second order approximation.
2. Modeling the fundamental Lagrangian 1-form on particle's coordinates by Vlasov-Ampere model
The magnetic field can be divided into the externally imposed part and the plasmagenerated part. The externally imposed equilibrium magnetic field felt by the charged particle located at particle's spatial coordinates x oj is written as A E (x oj ). The subscript E denotes the externally imposed field. The plasma-generated magnetic field includes equilibrium and non-equilibrium part. In this paper, the non-equilibrium part only includes LFMP, not the electromagnetic perturbation. The plasma-generated lowfrequency magnetic vector potential felt by the particle located at x oj can be written as
where ′ denotes that x oj is removed from the summation. µ 0 is the vacuum magnetic permittivity. The velocity v oh of the charged particle located at x oh can be divided into three parts: the part parallel to the direction of the equilibrium magnetic field; the perpendicular part depending on gyroangle; the drift part perpendicular to the magnetic field but independent of the gyroangle, so the velocity can be written as
with v oh⊥ ≡ e 1 sin θ oh + e 2 cos θ oh and v ohd is the drift velocity. The perpendicular part depending on gyroangle is the origin of the magnetic moment, which is associated with the magnetic dipole radiation. Since only LFMP is accounted for, the magnetic dipole radiation is ignored in this paper. The electrostatic potential is temporarily ignored. The fundamental Lagrangian 1-form can be written as
Since the magnetic vector potential A p (x oj ) felt by the charged particle located at x oj is generated by many-particle interaction, Eq.(3) is not practical for the application. The way to calculate the magnetic vector potential can turn to the following Ampere's law alternatively
based on the structure of A p (x oj ) given in Eq.(3). J E (x oj ) is the current density at x oj to generates the external magnetic vector field A E (x oj ). The plasma-generated A p (x oj ) can be extracted out as
However, this formula can't be straightforwardly used due to the existence of too many particles and no necessity of the knowledge of the accurate spatial position of each particle. Eq. (7) is usually modelled by a coarse-graining scheme. The coarse-graining scheme to model Poisson's equation is already introduced in Ref. ([1]). Based on the coarse-graining scheme, the discrete edition of Eq. (7) is given as
The derivative of A pk (x k ) at x k is given by the middle-point discrete derivative. The magnetic vector potential felt A p (x oj ) by the jth particle located at the kth cell can be approximated by the discrete one A pk (x k ). The difference between the two quantities is approximately written as
If l c is small enough to be close to
Then by replacing the accurate potential A p (x oj , t) by the approximate one A p k (x k , t), the Lagrangian 1-form for the jth particle located at the kth cell can be extracted out from the fundamental Lagrangian 1-form given in Eq.(5) as
The particle's distribution is modeled by the Klimontovich distribution
the ensemble average of which gives the Vlasov distribution f o (z). The time evolution of f o (z) is
The trajectory equations 
The fundamental Lagrangian 1-form on the new coordinates
The fundamental Lagrangian 1-form for all ions and electrons on particle's coordinates is given by Eq.(5). In this section, a pullback transform is utilized to pull the 1-form back to a new one on gyrocenter coordinates with θ angle decoupled from the remaining degrees of freedom up to order O(ε . Three assumptions given in Ref. ([1]) are also adopted here. The first one says that only the guiding equilibrium magnetic field affects the particles' gyrating orbit, while the perturbations only imposes the influence on the motion of the guiding center. So the coordinate transform can be almost written as ψ
(−e 1 cos θ + e 2 sin θ) being the Larmor radius vector only caused by the equilibrium guiding magnetic field. It's the first order approximation of the transform x = exp −g X · ∇ X with g X ≡ − ρ. The new fundamental Lagrangian 1-form on the new coordinates can be derived based on the Cary-Littlejohn single-parameter Lie transform method. Its formula is written as
where γ is given by Eq.(5). Here, ε i and ε e only denote the order of the terms adjacent to them. This notation will be used throughout the rest of this paper. In Eq.(13), the generators are given as g X ij = −ρ i and g X ej = −ρ e . Their order are O(ε i ) and O(ε e ), respectively. Since each coordinate pair (x oj , v oj ) is independent from all others, the operators L g x oj for each j commutes. Expanding Eq.(13) based on the order of ε o and ε e , the eventual Lagrangian differential 1-form independent of gyroangle can be derived.
Before expanding Eq.(13), the plasma-generated A p is divided into the equilibrium and non-equilibrium parts. The equilibrium part is assumed to be generated by particles denoted by the subscript h 1
The non-equilibrium part is assumed to be generated by particles denoted by the subscript h 2
The explicit dependence on time by A p1 (x oj , t) is due to the dependence on time by all x oh 2 . With the guiding center transform, the velocity can be decomposed into three parts as shown by Eq.(4). The gyrating part around the magnetic field line is ignored in this paper. The detailed procedure to derive the fundamental Lagrangian 1-form, for which the second order approximation is taken and the gyroangle for each particle is decoupled from the remaining degrees of freedom, is given by Appendix.(Appendix A). The formula for the eventual Lagrangian 1-form on the gyrocenter coordinates is given by Eq.(A.26).
Modeling the fundamental Lagrangian 1-form on the new coordinates by Vlasov-Ampere model
On the new coordinates, the plasma-generated magnetic vector potential felt by the jth particle is given by the formula in Eq.(A.7) and Eq.(A.8) for the equilibrium and perturbed part, respectively. They are of the same structure with that in Eq.(3). The way to calculate these potentials can be replaced by the Ampere's law plus a boundary condition. The Ampere's law on the new coordinates is
Here, the derivative of v ohd is neglected. The spatial length scale of A p0 (X oj , t) is of the scale of the device. Usually, the spatial length scale of A p1 (X oj , t) denoted as l p is much longer than the mean distance between charged particles denoted as l d . To determine the electrostatic potential , it's not needed to know the specific position of each particle. Alternatively, a coarse graining scheme can be utilized to divide the spatial area occupied by the plasma into small cells, with its length scale denoted by l c . It's required that l p ≫ l c ≫ l d holds. Then, Eq.(16) can be approximated by a discrete edition as
The current J ik (X k , t) and J ek (X k , t) are obtained by integrating the velocity over the Kimontonvich distribution on the new coordinates located within the kth cell. The Kimontonvich distribution on the gyrocenter coordinates is
The current is given as
In Eq.(19), the current caused by the drift velocity is ignored. The ensemble average of the Klimontonvich distribution gives the Vlasov Equation. The evolution of the Vlasov equation is obtained by the Liouville's equation
Given the discrete equation Eq.(17), the real magnetic vector potential felt by the jth particle located at the kth cell is approximated by the discrete edition A pk (X k , t). Then, the test Lagrangian 1-form which determines the dynamics of the jth particle located within the kth cell can be extracted out from the fundamental Lagrangian 1-form in Eq.(A.26) and given as
with
oj A p1 k (X k , t) b is the FLR term contributing to the trajectory equations. So far, we obtained a discrete Vlasov-Ampere model comprised of Eqs. (17), (20) and (21) as discrete editions of Ampere's law, the Vlasov equation, and the test Lagrangian 1-form, respectively, to approximate the fundamental Lagrangian 1-form given by Eq. (A.26) , which determines the dynamics of all particle on the new coordinates with the second order approximation. By shrinking the cell's length scale l c to be small enough, the subscript k can be removed from the three equations, which are rewritten as
Incorporate the electrostatic perturbation into the model
Now, we incorporate the electrostatic perturbations into the fundamental Lagrangian 1-form in Eq.(5) to get a new one as
The new Lagrangian 1-form on the new coordinate can be derived by transforming γ in Eq.(28) using the Cary-Littlejohn single-parameter Lie transform theory. With the same procedure presented in Ref.
( [1] ) and in the previous sections in this paper, the Ampere-Poisson-Vlasov model as a modeling of the new fundamental Lagrangian 1-form on the new coordinate can be derived as
with 
Appendix A. Expanding the new fundamental Lagrangian 1-form up to the second To expanding Eq.(13), the following two equations are needed
Here, f(Z) and h(Z) are any vector function and scalar function on the new coordinates, respectively.
Appendix A.1. Deriving Γ 0
Among the expansions, the following 1-form is denoted as Γ 0
In Eq.(A.3), the summation of the kinetic energy
is derived based on the following identities
Here, X 1 , v ⊥ , v od is a group of coordinates to characterize the gyrocenter. Both Eqs.(A.9) and (A.5) are based on the homogeneous assumption of the distribution in the θ direction. To derive Eq.(A.3), the following identity is also used
with v ol = e sin θ ol + e 2 cos θ ol . Terms A p0 (X oj ) and A p1 (X oj , t) in Eq.(A.3) are
The next one is
To simplify Eq.(A.9), the following identities based on the homogeneous assumption are needed
where A p1 (X oj , t) given by Eq.(A.8) doesn't include subscript j and Eventually, Γ 1 is simplified to be
Γ 2 is given by the following formula
The following identities are needed
The " ≈ " in Eq.(A.20) is derived by assuming the direction of A p1 (X oj , t) mainly parallel to the direction of the equilibrium magnetic field and the gradient of A p1 (X oj , t) mainly in the perpendicular direction. The last term in Eq.(A.20) can be simplified to be
To derive Eq.(A.21), the following two properties are used: equality ∇ · B(X oj , t) = 0; FLR term g X oj · ∇ B p1 is of the order lower than other non-FLR terms. Noting that A p1 (X oj , t) is mainly contributed by the parallel part in Eq.(A.9), and the spatial gradient of A p1 (X oj , t) are mostly contributed by the perpendicular part, the following equation can be derived Modelling the Lagrangian of magnetized plasmas with low-frequency magnetic perturbations by a gyrokinetic A It should be noted that the FLR term for each particle is introduced in this fundamental Lagrangian 1-form on the new coordinates. The term v ojd is just given by the drift velocity of the charged particle.
